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Formulation

Matching problems are among the most important and most studied problems in network
optimization, and have various applications, both for modeling real-life problems and as
a solution tool for complex optimization problems.
Let G = (N, A) be an undirected graph, with n nodes and m arcs. A matching M
is a subset of A such that each node of G is incident to at most one arc of M . An arc
(i, j) ∈ M is matched, an arc (i, j) 6∈ M is free. A node adjacent to an arc of M is matched
(and the node j such that (i, j) ∈ M is its mate), whereas a node which is not adjacent
to any arc of M is exposed.
The simplest (and most studied) problem in this class is to determine a matching of
maximum cardinality (where the cardinality of M is the number of arcs composing it).
Let us consider an ILP formulation of this problem. Associate to each arc (i, j) a binary
variable xij such that xij = 1 if (i, j) ∈ M and xij = 0 if (i, j) 6∈ M . Recalling that δ(i)
indicates the set of arcs adjacent to node i, one can formulate the problem as follows.
max

X

xij

(1)

(i,j)∈A

X

xij ≤ 1,

i∈N

(2)

(i,j)∈δ(i)

xij ∈ {0, 1}, (i, j) ∈ A

(3)

Each constraint (2) expresses the fact that a node may be adjacent to at most one arc
of a matching. Hence, there is a constraint for each node, and note that each variable
xij appears in exactly two constraints, i.e., those corresponding to nodes i and j. This
allows one to recognize that the coefficeint matrix of the problem is the incident matrix of
graph G. As a consequence, if G is bipartite, the problem is indeed a linear programming
problem, replacing constraints (3) with linear constraints:
xij ≥ 0,
∗

(4)
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Note that constraints (2) imply xij ≤ 1 for each (i, j). If the graph is not bipartite, the
integrality constraint cannot be relaxed. In fact, consider for instance the complete graph
with 3 nodes (also called triangle). Clearly, the optimal matching has value 1, since one
can pick only one of the three arcs of the graph without violating (2). But if we relax
integrality constraints, we get an optimal solution in which all three variables have value
1/2, and hence the objective function has value 3/2 > 1. Clearly, such solution makes no
sense from the viewpoint of the problem we want to solve.
Note that, obviously, if there exists a matching of cardinality n/2, it is optimal since
all its nodes are matched. We say that this is a perfect matching. In general, a perfect
matching may not exist, so the optimal solution value may be smaller than n/2. (Note that
a perfect matching on a bipartite graph may exist only if both node sets have cardinality
n/2.)
The maximum matching problem is an unweighted problem. If graph G is weighed on
the arcs, one may want to determine the maximum weight matching. In the formulation,
one only needs to replace the objective function (1) with
max

X

wij xij

(5)

(i,j)∈A

where wij is the weight of arc (i, j). Since the structure of the constraints in unchanged,
also this problem can be solved as an LP, if the graph is bipartite. Another very relevant
problem is when G is a complete bipartite graph, and one wants to find a minimum weight
(or maximum weight) perfect matching. Such problem is known as assignment problem,
and will be analyzed in Section 5.
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Definitions and fundamentals

The following important definitions are given with respect to a graph G (not necessarily
bipartite) and a matching M . A path on the graph G is said alternating if it alternately
consists of matched and free arcs. An alternating path is called augmenting if the initial
and the final nodes are exposed, i.e., equivalently, if the first and the last arc of the path
are free.
Given two arc sets X and Y , their symmetric difference X ⊕ Y is the arc set formed
by the arcs belonging to either X or Y , but not both, i.e., it is the set (X − Y ) ∪ (Y − X).
(From the logic viewpoint, it is the exclusive or of the sets X and Y .)
Theorem 1 Let M be a matching on G, and let P be an augmenting path. The symmetric
difference M 0 = M ⊕ P is a matching of cardinality |M | + 1.
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Proof. Consider a matching M on a graph G, and let P be an augmenting path. We
compute the symmetric difference between sets M and P , and let M 0 be the set obtained.
We observe that: (i) the arcs of matching M that were not part of P are unchanged,
and therefore can be found also in M 0 ; (ii) the arcs of M which are also part of P are
excluded from M 0 , but the arcs of P that were not part of M are inserted in M 0 . The
set M 0 is again a matching, in fact: for nodes that are not affected by P , nothing has
changed, intermediate nodes of P were incident an arc of M and now an arc of P \ M ,
the extreme nodes of P were exposed, and now are matched. Since P is an augmenting
path with respect to M , if it has length 2k + 1, it will contain k arcs of the matching
M and k + 1 free arcs. Performing the symmetric difference, free arcs join the matching
while matched arcs leave, and therefore M 0 has one arc more than M .
Hence, as long as an augmenting path exists, one can always obtain a larger matching
by performing the symmetric difference between the path and the matching. One may
therefore ask whether is it possible to characterize a maximum matching similarly to what
done for maximum flows. The answer is positive.
Theorem 2 Given a graph G = (N, A), a matching M is maximum if and only if there
are no augmenting paths.
Proof. The ”only if” part is obvious, in view of Theorem 1. Let us now show that
if there are no augmenting paths, with respect to a matching M , then M is optimal.
Suppose by contradiction that, even if there are no augmenting paths, M is not optimal,
i.e., there exists a matching M̂ such that |M̂ | > |M |. (Actually, the cardinality of M̂ may
be even larger than |M | + 1.) Consider the arc set Y = M̂ ⊕ M , and let G0 = (N, Y )
be the graph having the same node set as G but only containing the arcs of Y . Let us
consider all possible cases concerning the degrees of the nodes of G0 .
(i) If a node is matched with the same mate in both matchings M and M̂ , it is isolated
in G0 .
(ii) If a node is matched with different mates in the two matchings M and M̂ , has
degree 2 in G0 .
(iii) If a node is matched in M and exposed in M̂ or viceversa, in G0 it has degree 1.
(iv) If a node is exposed in both matchings, it is isolated in G0 .
Hence, in G0 no node has degree greater than 2. The connected components of G0 can
be of three different types only: (i) isolated nodes, (ii) paths, consisting of arcs of M and
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M̂ alternately, (iii) cycles with an even number of arcs, since an odd cycle would have two
arcs from the same matching adjacent to the same node, which is impossible. Now, since
we are supposing that |M̂ | > |M |, in Y there must be more arcs from M̂ than from M .
Where are such surplus arcs? Obviously, not in even cycles, since these contain the same
number of arcs from M̂ and M . Therefore, there must be at least one path P̃ containing
more arcs from M̂ than from M . Then, P̃ must start and end with two arcs from M̂ , and
in conclusion P̃ is an augmenting path with respect to matching M . This contradicts the
hypothesis that no augmenting paths exist.
This theorem immediately suggests a strategy for searching the matching of maximum
cardinality: starting from an initial matching (possibly empty), find an augmenting path.
Once found, we can increase the matching by one. Then find another, and so on, until no
further augmenting path is found. Theorem 2 ensures that when this occurs, the current
matching is optimal.
Hence, given a matching M , the problem is therefore reduced to the problem of finding
an augmenting path, or certifying that it does not exist, and hence M is optimal. Although
Theorem 2 holds for all graphs, finding an augmenting path has different complexity
depending on whether the graph is bipartite or not. Here we limit ourselves to the
bipartite case.
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Algorithm for bipartite matching

The simplest algorithms for finding the maximum matching on a bipartite graph are based
on the concept of successively finding augmenting paths, exploiting the result in Theorem
2. The search for an augmenting path can be done in various ways. In what follows we
propose a particularly simple strategy.
Given a bipartite graph G = (U, V, A) and a matching M ⊆ A, consider an directed
auxiliary graph D = (U, V, A0 ), obtained from G by orienting the arcs as follows:
• If (u, v) ∈ M , the arc on D is oriented from v to u;
• If (u, v) 6∈ M , the arc on D is oriented from u to v.
In other words, given a matching M , in D free arcs are oriented from left to right,
paired arcs from right to left. Moreover let UM and VM be the sets of exposed nodes
belonging to U and V respectively. it is immediate to recognize that any path on D
starting from a node of UM and ending on a node of VM is an augmenting path.
Notice that the computation of an augmenting path only requires a visit of D, and
hence it has complexity O(m). Hence, a maximum matching on a bipartite graph can be
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computed in O(mn).
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The Node Cover problem

Consider the following problem. Given an undirected graph G(N, A), a node cover is a
subset of nodes S ⊂ N such that, for each arc (i, j) ∈ A, i ∈ S or j ∈ S (or both), i.e.,
each arc is “covered” by (at least) one node of S. The Node Cover problem consists in
determining the node cover with the minimum number of nodes.
Let us associate a binary variable xj to every node j ∈ N , so that xj = 1 if j ∈ S and
xj = 0 if j 6∈ S. The problem can then be formulated as follows.

max

X

xj

(6)

j∈N

xi + xj ≥ 1,

(i, j) ∈ A

(7)

xj ∈ {0, 1}, j ∈ N

(8)

Each constraint (7) expresses the fact that an arc must be covered by at least one of the
nodes to which the arc is incident. Note that the coefficient matrix of the problem (as
usual, apart from an identity matrix needed to bring the problem into standard form)
is the transposed matrix of the incidence matrix of the graph G, and therefore if G is
bipartite, one can relax the integrality constraints (8), replace them with nonnegativity
constraints, and solve the problem as any linear program. Next, we assume that the graph
G is bipartite.
Comparing the problems (1) - (3) and (6) - (8), one can observe that the formulation
of the Node Cover problem is precisely the dual of the formulation of the maximum
cardinality matching problem. This fact has interesting implications from an algorithmic
point of view. First of all, the following two properties descend from the weak and,
respectively, strong duality :
Theorem 3 Given a bipartite graph G, the size of a matching is always smaller or equal
to the size of a node cover.
Theorem 4 Given a bipartite graph G, the size of a maximum matching is equal to the
size of a minimum node cover.
Moreover, from complementary slackness, we observe that if, in the optimal solution to
the matching problem, an arc (i, j) ∈ M ∗ , so that xij = 1, the corresponding constraint
in the Node Cover problem is active, i.e., exactly one of the two endpoints of arcs in
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M ∗ belongs to the minimum node cover. This fact can be exploited to reconstruct the
minimum cover, once the maximum matching is known.
In fact, letting M be a maximum matching, consider the set RM of nodes reachable
from UM (Figure 1). Note that all nodes in RM ∩ V are paired: if one of them is not,
an augmenting path would exist, ending on such a node. Hence, each node of RM ∩ V is
incident to at least one arc of M .
Consider now the nodes of set U \ RM . Also each of such nodes is paired, since
otherwise they would belong to UM , which is obviously included in RM . Each node of
U \ RM is matched with a node which does not belong to RM ∩ V , since otherwise it
would also belong to RM .
At this point, it is easy to see that C ≡ (U \ RM ) ∪ (RM ∩ V ) is a node cover. In fact,
any arc uncovered by C should have one endpoint in RM ∩ U and the other in V \ RM ,
ma if such an arc existed, node v would have been reachable from u in D and v would
therefore belong to RM . Hence, C is a node cover. Observing that all nodes of C are
incident to different arcs of M , one has |C| ≤ |M |. From strong duality, |C| = |M |, so C
is indeed the minimum node cover.

U \ RM

RM  V

RM  U
UM

VM

Figure 1: A maximum matching (in boldface) and a minimum node cover (U \ RM ) ∪
(RM ∩ V ).
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The assignment problem

Given a complete bipartite graph G = (U, V, A), in which |U | = n and |V | = n, and
letting cij be the cost of assigning node ui ∈ U to node vj ∈ V , the assignment problem
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is the following:
min

n X
n
X

cij xij

(9)

i=1 j=1
n
X
j=1
n
X

xij = 1,

ui ∈ U

(10)

xij = 1,

vj ∈ V

(11)

i=1

xij ∈ {0, 1}, (ui , vj ) ∈ A

(12)

(Note that unlike in (2), here we write the constraints concerning nodes of U and V
separately.) Since the coefficient matrix is totally unimodular, one can relax integrality
constraints and restate the problem as:
min

n X
n
X

cij xij

(13)

i=1 j=1
n
X
j=1
n
X

xij = 1,

ui ∈ U

(14)

xij = 1,

vj ∈ V

(15)

xij ≥ 0,

(ui , vj ) ∈ A

(16)

i=1

The problem can then be solved via the simplex method. However, in this case, the
simplex method might not be very efficient, due to the fact that, as can be easily observed,
all the vertices of the polytope (14 - 16) are strongly degenerate: in every basic feasible
solution, only n basic variables (out of 2n) are nonzero. In the following, we will then see
a specific solution algorithm for the assignment problem, leaving out some demonstration
details.
In the following, we let C denote the square matrix n × n containing all costs. We also
suppose that cij ≥ 0 for all i and j, but as we will see such assumption is not restrictive.
The Hungarian 1 algorithm is based on two very simple observations.
The first observation is that if, in an assignment problem, we add or subtract an
amount θ to all the elements of the same row or the same column of C, we obtain an
equivalent problem. In fact, the value of the objective function of any feasible solution
will vary by the same amount θ, but an optimal assignment remains optimal.
The second consideration is the following. Suppose that some cost coefficients cij are
zero. Then, if we consider only the arcs corresponding to these pairs (ui , vj ), and with
these arcs we can form a matching of cardinality n, such matching is certainly optimal.
1

The authors are in fact the Hungarian mathematicians König and Egervary, and the algorithm was
named Hungarian by Kuhn, who disclosed it to Western countries in the fifties.
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The basic idea of the Hungarian algorithm is to manipulate the coefficients cost, always
through appropriate operations of addition or subtraction of constants in rows and/or
columns of C, in order to bring up more and more zeros, until we are able to find an
assignment (i.e., a perfect matching) that makes use of those costs only. At the end, the
value of the optimal solution will be given by the sum of the original cost coefficients of
the arcs of the perfect matching. In the following we describe this algorithm2 . For the
sake of simplicity, we continue using C for the current cost matrix, which is initialized
with the matrix of original costs.
The algorithm starts by subtracting from each row of C the smallest element, i.e., for
each row i:
cij := cij − min{cij }
j

notice that, after such updating, at least one cij becomes null. Thereafter, a similar
operation is done for the columns, i.e., for each column j we let:
cij := cij − min{cij }
i

At this point, let E be the set of arcs (ui , vj ) such that cij = 0, and consider the
problem of finding the maximum cardinality matching on the graph G = (U, V, E), which
we address using the algorithm seen in the previous section 3. If the resulting matching M
is perfect, then we have found the optimal solution of the assignment problem. Otherwise,
we proceed as follows. During the last search for an augmenting path, some nodes in U
and V have been labeled, call them U ∗ and V ∗ respectively. Note that at least one node
of U ∗ is exposed, since otherwise the current matching would be perfect. At this point,
mark the rows and the columns of the matrix C corresponding to visited nodes, and let
θ be defined as:
θ = min{cij | i ∈ U ∗ , j 6∈ V ∗ }
Now we alter the values of C by subtracting θ from all marked rows, and by adding θ to
all marked columns. The situation is the one shown in Table 1, in which marked rows
and columns are indicated. Of course, at least one of the values in the areas indicated
with ”−θ” will become zero. By construction, this operation leaves unchanged all zeros
corresponding to the arcs of the current matching. In fact, note that the only elements
of C which undergo a net increase (by θ) are the elements cij with i 6∈ U ∗ and j ∈ V ∗ .
But if the arc (i, j) ∈ M , then, when the visit of D gets to visit (and hence label) node
2

For a thorough explanation of all details, see for instance Papadimitriou, C., Steiglitz, K., Combinatorial Optimization: Algorithms and Complexity, 1982, Prentice-Hall.
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j, it would also visit i, which would therefore belong to U ∗ . Hence, calling E 0 the new
set of arcs, we have that the matching M of maximum cardinality for G = (U, V, E) is,
however, a feasible matching on graph G0 = (U, V, E 0 ), and the search for a matching of
maximum cardinality on G0 can therefore resume from M .
•

•
+θ

•
•

-θ

-θ
+θ

•

-θ

-θ
+θ

Table 1: Modification of cost matrix.
It is important to note that the set of labeled nodes (during the search for a new
augmenting path) on the new graph G0 strictly contains the set of labeled nodes on G.
In fact, the only arcs that can disappear going from E to E 0 are the arcs (ui , vj ) with
ui 6∈ U ∗ and vj ∈ V ∗ . However, such arcs are immaterial with respect to the set of labeled
nodes, in the sense that the latter remains the same even if one removes all such arcs. On
the other hand, however, the updating of matrix C produces, in E 0 , at least one new arc
(ui , vj ) with ui ∈ U ∗ and vj 6∈ V ∗ , which therefore has the effect of labeling node vj , which
was not labeled in G. Then, after O(n) steps, one certainly gets to label an exposed node
vj , and an augmenting path is found. At that point, the matching is updated and the
procedure starts again, until the current maximum cardinality matching contains n arcs.
As an example, consider the matrix


C=









3 3 3
5 7 8
7 8 11
7 10 11
6 6 10



7 8

5 11 

3 10 

4 4 

8 1

subtracting the minimum element from each row, we obtain


C=









0
0
4
3
5

0
2
5
6
5

0
3
8
7
9

4
0
0
0
7

5
6
7
0
0
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Since each column contains at least one 0, subtracting the minimum element from
each column, the matrix does not change. At this point we can compute a maximum
cardinality matching with the arcs corresponding to the elements cij = 0. Such matching
is M = {(u1 , v3 ); (u2 , v1 ); (u3 , v4 ); (u4 , v5 )}, of cardinality 4. During the last iteration of
the visit, the nodes u5 , v5 , u4 , v4 , u3 are subsequently labeled.



C= •
•
•









0
0
4
3
5

0
2
5
6
5

0
3
8
7
9

•
4
0
0
0
7

•
5
6
7
0
0










Now, compute the smallest element (i, j) such that ui ∈ U ∗ and vj 6∈ V ∗ . Such value
is θ = 3, obtained for the element (4, 1). Updating hte cost matrix, one must therefore
substract 3 from rows 3, 4 and 5, and add 3 to columns 4 and 5:


C=









0
0
1
0
2

0
2
2
3
2

0
3
5
4
6

7
3
0
0
7

8
9
7
0
0










Arc (u4 , v1 ) is added to E (note that (u2 , v4 ) disappears). In the new graph there
are no augmenting paths, hence the current matching is still of maximum cardinality.
However, the sets U ∗ and V ∗ have changed:


•
C= •
•
•









•
0
0
1
0
2

0
2
2
3
2

0
3
5
4
6

•
7
3
0
0
7

•
8
9
7
0
0










clearly now θ = 2, which is obtained for the arcs (u2 , v2 ), (u3 , v2 ) and (u5 , v2 ). All such
arcs are therefore added to E (while arc (u1 , v1 ) disappears). The new C is


C=









2
0
1
0
2

0
0
0
1
0

0
1
3
2
4



9 10

3 9 

0 7 

0 0 

7 0
10

at this point, starting from the same matching, an augmenting path exists consisting of
the single edge (u5 , v2 ), so one can increase the cardinality of the matching to the value
5. In conclusion, the optimal solution is x13 = 1, x21 = 1, x34 = 1, x45 = 1, x52 = 1 and all
other variables are xij = 0. The value of the optimal solution is 21.
We briefly discuss the complexity of the Hungarian algorithm. Whenever the visiting
algorithm ”stops”, i.e., no further augmenting path exists with the current arc set, it is
necessary to update the cost matrix C. The result of this update, as we have seen, is an
enlargement of the sets U and V ∗ . Since the labeling process can resume from the current
labeling, in O(n) updates a new augmenting path is found, and therefore the cardinality
of the matching increases by 1. If the update of C is performed in O(n2 ), the new path
is determined in O(n3 ) and therefore the complexity of the algorithm is O(n4 ). Actually,
using suitable data structures, it is possible to lower the complexity to O(n3 ).
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